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We investigate some generalized metric space properties on paratopological (semitopo-
logical) groups and prove that a paratopological group that is quasi-metrizable by a left
continuous, left-invariant quasi-metric is a topological group and give a negative answer
to Ravsky’s question (Ravsky, 2001 [18, Question 3.1]). It is also shown that an uncount-
able paratopological group that is a closed image of a separable, locally compact metric
space is a topological group. Finally, we discuss Hausdorff compactiﬁcation of paratopolog-
ical (semitopological) groups, give an aﬃrmative answer to Lin and Shen’s question (Lin
and Shen, 2011 [14, Question 6.9]) and improve an Arhangel’skii and Choban’s theorem.
Some questions are posed.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All spaces are regular T1 unless stated otherwise. N denotes the set of all natural numbers. e denotes the neutral element
of a group. Reader may refer to [10,11] for notations and terminology not explicitly given here. R, Q, N are real numbers,
rational numbers and natural numbers, respectively.
We investigate some generalized metric space properties on paratopological (semitopological) groups and when a
paratopological group is a topological group. It was proved that a left-invariant symmetric paratopological group is metriz-
able [16, Theorem 2.1], we further show that a left-invariant symmetric paratopological group is a topological group. We
also consider the following questions:
Question 1.1. ([18, Question 3.1]) Is every ﬁrst-countable Tikhonov paratopological group quasi-metrizable by a continuous
left-invariant quasi-metric?
Question 1.2. ([14, Question 6.9]) Suppose that G is a non-locally compact, k-gentle paratopological group, and Y = bG \ G
is a remainder of G . If Y has a point-countable base, are G and bG separable and metrizable?
We prove that a regular T1 paratopological group quasi-metrizable by a left continuous, left-invariant quasi-metric is
a topological group, hence it gives a partial negative answer to Question 1.1 since the Sorgenfrey line is a ﬁrst-countable
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closed image of a separable, locally compact metric space is a topological group. Finally we discuss remainders of Hausdorff
compactiﬁcation of paratopological (semitopological) groups and answer Question 1.2 aﬃrmatively and improve a result
of Arhangel’skii and Choban [5, Theorem 7.3]: “Let G be a non-locally compact, semitopological group, if the remainder
Y = bG \ G is separable metrizable. Then G and bG are separable and metrizable” by replacing “Y = bG \ G is separable
metrizable” with “Y = bG \ G is metrizable”.
2. When a paratopological group is metrizable
Recall that a paratopological group (semitopological group) [6] is a group with a topology such that the multiplication is
jointly continuous (separately continuous).
Let X be a topological space, d : X × X →R+ be a function. Consider the following conditions. For each x, y, z ∈ X
(1) d(x, y) = 0 if and only if x = y,
(2) d(x, y) = d(y, x),
(3) d(x, z) d(x, y) + d(y, z).
If d satisﬁes (1) and (3) then it is called a quasi-metric [11]. If the function d satisﬁes (1) and (2) then it is called a
symmetric. A topological space X is said to be quasi-metrizable [11] if there is a quasi-metric on X such that {B(x, ε): ε > 0}
forms a local base at each x ∈ X , where B(x, ε) = {y ∈ X: d(x, y) < ε}. The notion of symmetrizable is deﬁned similarly.
A quasi-metric d(x, y) is called continuous if d(x, y) is continuous with respect to both x, y; d(x, y) is left continuous if
d(x, ·) is continuous.
Let G be a group. A function d : G × G →R+ ∪ {0} is called left-invariant if for any a, x, y ∈ G , d(x, y) = d(ax,ay).
Lemma 2.1.
(1) ([11, Lemma 9.3]) Suppose X is symmetrizable with respect to the symmetric d. Then xn → x if and only if d(xn, x) → 0.
(2) ([11, Theorem 10.2(i)]) Suppose X is quasi-metrizable with respect to the quasi-metric d. Then xn → x if and only if d(x, xn) → 0.
Theorem 2.1. The following are equivalent:
(1) G is a metrizable topological group with respect to a left-invariant metric.
(2) G is a metrizable topological group.
(3) G is a symmetrizable paratopological group with respect to a left-invariant symmetric.
(4) G is a quasi-metrizable paratopological group with respect to a left continuous, left-invariant quasi-metric.
Proof. (2) ⇒ (1) is from [7, Corollary 3.3.13]. (1) ⇒ (2), (3), (4) are trivial. For (3) or (4) ⇒ (2), we only need to prove the
paratopological group G in (3) or (4) is a topological group; it is suﬃcient to prove that the inverse operation is continuous.
First we prove if xn → x, then x−1n → x−1. For (3), let G be a paratopological group with respect to a left-invariant symmetric
d and e be the neutral element. Fix n, d(x−1n x, e) = d(x−1xnx−1n x, x−1xn) = d(e, x−1xn) = d(x−1xn, e) = d(xx−1xn, x) = d(xn, x).
xn → x implies d(xn, x) → 0, hence x−1n x → e by Lemma 2.1(1), thus x−1n → x−1.
For (4), let G be the quasi-metrizable paratopological group with respect to a separately continuous left-invariant quasi-
metric d. Since xn → x and d is left continuous, then d(xn, x) → d(x, x) = 0. d(e, x−1n x) = d(xne, xnx−1n x) = d(xn, x) → 0, by
Lemma 2.1(2), x−1n x → e, hence x−1n → x−1.
Let U be open. We prove that U−1 is open. Since G is a sequential space, it is suﬃcient to prove U−1 is sequential open.
Let yn → y ∈ U−1, then y−1n → y−1 ∈ U . U is open, then {y−1n : n ∈ N} is eventually in U . Hence {yn: n ∈ N} is eventually
in U−1, therefore, U−1 is open.
The inverse operation on G is continuous, hence G is a topological group. Since a symmetrizable space is weakly ﬁrst-
countable, a weakly ﬁrst-countable paratopological group is ﬁrst-countable [17] and it is well known that a ﬁrst-countable
topological group is metrizable, then G is metrizable. 
Remark. The condition “left-invariant” in Theorem 2.1(3) is essential: Let S be the Sorgenfrey line, S is a ﬁrst-countable
paratopological group, Q ⊂ S with subspace topology is second countable, hence it is metrizable. But (Q,+) is not a
topological group. The following example shows that “paratopological group” in Theorem 2.1(3) could not be replaced by
“semitopological group”.
Example 2.1. There is a quasitopological group1 G with a left-invariant symmetric but is not a topological group.
1 A quasitopological group is a semitopological group with a continuous inverse operation.









|x− x′|, x = x′, y = y′;
|y − y′|, x = x′, y = y′;
0, x = x′, y = y′;
1, otherwise.
It is easy to check that d(x, y) is left-invariant symmetric and (G,+) is a quasitopological group. But G is not a topolog-
ical group. 
It is well known that a ﬁrst-countable topological group is metrizable and a symmetrizable semitopological group need
not be ﬁrst-countable, the following question is somehow interesting.
Question 2.1. Is a regular symmetrizable paratopological group metrizable?
From Theorem 2.1, we have the following.
Corollary 2.1. ([16]) A symmetrizable paratopological group with respect to the left-invariant symmetric d is metrizable.
Remark. Ravsky asked the question [18, Question 3.1]: “Is every ﬁrst-countable Tikhonov paratopological group quasi-
metrizable by a continuous left-invariant quasi-metric?” The answer to the question is negative: The Sorgenfrey line is
a ﬁrst-countable Tikhonov paratopological group, it is quasi-metrizable with respect to a left-invariant quasi-metric. In fact,
the function d(x, y) on R2 deﬁned as d(x, y) = y − x if y  x; d(x, y) = 1 if x > y, is a left-invariant quasi-metric that is
compatible to the Sorgenfrey line topology. d(x, y) is not continuous, 1/n → 0, but {d(1/n,0): n ∈ N} does not converge to
d(0,0) = 0 since d(1/n,0) = 1 for n ∈ N. By Theorem 2.1, the Sorgenfrey line cannot be quasi-metrizable by a continuous
left-invariant quasi-metric since it is not topological group.
A space is called an α4-space if for every countable family {Sn: n ∈ N} of sequences converging to some point x ∈ X
there exists a sequence S converging to x such that Sn ∩ S = ∅ for inﬁnitely many n. It is obvious that an α4 space contains
no closed copy of Sω and a strongly Fréchet space2 is an α4. Tanaka [19] gave a relationship between Fréchet–Urysohn
spaces and strongly Fréchet spaces: A Fréchet–Urysohn space is a strongly Fréchet space if and only if it contains no closed
copy of Sω .
Next we discuss Nyikos’ question [17].
Question 2.2. Is every Fréchet–Urysohn paratopological group an α4-space?
The following proposition gives another description of Nyikos’ question.
Proposition 2.1. The following are equivalent.
(1) Every Fréchet–Urysohn paratopological group G is an α4-space.
(2) Every countable Fréchet–Urysohn paratopological group G is an α4-space.
Proof. (1) ⇒ (2) obvious. We prove (2) ⇒ (1). Let G be a Fréchet–Urysohn paratopological group, suppose that G is not
an α4-space, then G contains a closed copy H of Sω . Let M(H) be a subgroup generated by H . Then M(H) ⊂ G is a
countable, Fréchet–Urysohn paratopological subgroup, hence it is an α4-space, it implies that H is an α4-space, this is a
contradiction. 
Proposition 2.2. Let G be a sequential paratopological group, then G is strongly Fréchet–Urysohn if it is an α4-space.
Proof. By Tanaka’s theorem, we only need to prove that G is Fréchet–Urysohn. Let A be a subset of G , S(A) = {x ∈ G:
x is a limit point of some sequence of A}. Suppose G is not Fréchet–Urysohn, there is a subset A ⊂ G such that x ∈ S(S(A))\
S(A). Without loss of generality, we assume that x = e. Let {xn: n ∈ N} ⊂ S(A) with xn → e and let {xi(n): i ∈ N} ⊂ A with
xi(n) → xn for each n. x−1n xi(n) → e (n ∈ N). Since G is an α4-space, there is a sequence {x−1nk xik (nk): k ∈ N} converging
to e, where nk is increasing with k. xnk → e, hence xnk x−1nk xik (nk) → ee = e, i.e. xik (nk) → e, this is a contradiction since
e /∈ S(A). 
2 A space is called a strongly Fréchet if, whenever a decreasing sequence of subsets {An: n ∈ N} with x ∈ An for each n, there is an xn ∈ An such that
xn → x.
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sequential subspace containing no closed copy of Sω .
Proof. We only prove suﬃciency. First, we prove that every countable subset of G is strongly Fréchet. Let A be a countable
subset of G , let G(A) be a subgroup generated by A. Then G(A) is a countable, sequential paratopological group containing
no closed copy of Sω . By [15, Theorem 2.3], G(A) contains no closed copy of S2,3 hence G(A) is a strongly Fréchet space
[19, Theorem 3.1] since each singleton of G(A) is a Gδ-set. Therefore A is strongly Fréchet. Next, we prove that G is
Fréchet–Urysohn. Letting A ⊂ G with x ∈ A, since t(G)  ω, there is a countable subset C ⊂ A such that x ∈ C . {x} ∪ C is
strongly Fréchet, there is a sequence {xn: n ∈N} ⊂ C ⊂ A converging to x, hence G is Fréchet–Urysohn. G is a Fréchet space
containing no closed copy of Sω , then G is strongly Fréchet [19]. 
By the same proof of [16, Theorem 5.2], we have the following.
Lemma 2.2. Let X be a pseudo-open s-image4 of a space with a point-countable base. Then for any non-trivial sequence C0 = {xn}
converging to x ∈ X, there exists a countable π -base G at x such that each element of G contains C0 but ﬁnitely many xn.
Theorem 2.2. Let G be an uncountable paratopological group. Suppose that G is a closed image of a separable, locally compact metric
space, then G is a separable and metrizable topological group.
Proof. We introduce a new product operation in the topological space G by the formula: a×b = ba, for a,b ∈ G and denote
the space with this operation by H . Put T = {(g, g−1) ∈ G × H, g ∈ G}. By [6, Proposition 2.9], H is a paratopological group
and T is closed in the space G × H and is a topological group.
G is a closed image of a separable, locally compact metric space, then G is a Fréchet–Urysohn space with a countable
k-network5 [11, Theorem 11.3] P consisting of compact subsets and G has weak topology with respect to P (i.e. a subset
A ⊂ G is closed if and only if A ∩ P is closed in P for each P ∈ P). G is a kω-space. G × H is a k-space with a countable
k-network [11, Theorem 11.2], then G × H is a sequential space since a compact subset of G × H is metrizable. Hence T is a
sequential topological group with a countable k-network. Since T is Lindelöf and |T | = |G| > ω, then T is not discrete. There
is a non-trivial sequence {(gn, g−1n ): n ∈N} converging to (e, e), it means that there exists a sequence C0 = {gn: n ∈N} ⊂ G
converging to e and its inverse C1 = {g−1n : n ∈ N} also converges to e. Since a closed image of a separable metric space is
a pseudo-open s-image of space with a point-countable base, by Lemma 2.2, there is a countable π -base G at e such that
each element of G contains C0 but inﬁnitely many xn .
Claim. {g−1V : g ∈ C0, V ∈ G, e ∈ g−1V } is a countable base at e.
Let e ∈ W with W open in G , and let U be an open neighborhood of e with U 2 ⊂ W , then there exists k1 ∈ N such
that {g−1n : n  k1} ⊂ U . Pick V ∈ G such that V ⊂ U and {gn: n  k2} ⊂ V for some k2 ∈ N. Let m  max(k1,k2), then
e ∈ g−1m V ⊂ UU ⊂ W .
G is ﬁrst-countable, hence is separable and metrizable [11, Theorem 11.4(b)] (note: an ℵ0-space is an ℵ-space). G is
a perfect image of a locally compact, separable metrizable space by [10, Theorem 4.4.17]. It is straightforward to prove
that a locally compact space is preserved by perfect mappings, hence G is locally compact. Therefore G is a topological
group [8]. 
Remark. We could replace “closed” in Theorem 2.2 with “pseudo-open” since a pseudo-open image of a separable, locally
compact metric space is a pseudo-open s-image of a space with a point-countable base. However, the author does not know
if “closed image” in Theorem 2.2 can be replaced by “quotient image”.
Question 2.3. Letting G be a paratopological group that is a closed image of a metric space, is G metrizable?
Reznichenko [1, Problem 3.18] posed the question: “Is every regular bisequential paratopological group with a countable
network ﬁrst-countable?” We give an equivalent description of the question.
3 The Arens space S2 = {∞} ∪ {xn: n ∈ N} ∪ {xn(m): m,n ∈ N} is deﬁned as follows: Each xn(m) is isolated; a basic neighborhood of xn is {xn} ∪ {xn(m):
m > k, for some k ∈N}; a basic neighborhood of ∞ is {∞} ∪ (⋃{Vn: n > k for some k ∈N}), where Vn is a neighborhood of xn .
4 A map f : X → Y is called an s-map if f −1(y) is separable for every y ∈ Y .
5 A collection F of subsets of a space X is a k-network if whenever K is a compact subset of and open set U , there exists a ﬁnite F ′ ⊂F such that
K ⊂⋃F ′ ⊂ U . A regular space with a countable k-network is called ℵ0-space.
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(1) Every bisequential paratopological group with a countable network is separable and metrizable.
(2) Every bisequential, countable paratopological group is ﬁrst-countable.
Proof. (1) ⇒ (2) obvious. We prove (2) ⇒ (1). Let G be a bisequential, cosmic paratopological group, and let D be a
countable dense subset of G and M(D) be the subgroup of G generated by D , then M(D) is a bisequential, countable
paratopological subgroup of G , hence it is ﬁrst-countable. Let {Vn: n ∈ N} be a decreased local base of e in M(D). For
each n, pick an open subset Un of G with Vn = Un ∩ M(D), then {Un: n ∈N} is a countable local base at e in G . In fact, let
U be an open subset of G with e ∈ U , there is an open neighborhood W (in G) of e such that e ∈ W ⊂ WG ⊂ U since G
is regular. There exists k ∈N such that Vk ⊂ W , then VkG ⊂ WG . Therefore, e ∈ Uk ⊂ UkG = Uk ∩ M(D)G = VkG ⊂ WG ⊂ U .
G is ﬁrst-countable, by [6, Proposition 2.13], G is separable and metrizable. 
3. Compactiﬁcation of paratopological groups
Recently, Arhangel’skii [2,3] has investigated how topological properties in the remainder of a Hausdorff compactiﬁca-
tion of a topological group affect the topological properties of the group. Many interesting results have been obtained.
The remainders of paratopological (semitopological) groups also were discussed by Arhangel’skii and Choban [5], Lin and
Shen [14]. In this section, we give an aﬃrmative answer to Lin and Shen’s question and improve a result of Arhangel’skii
and Choban’.
Lemma 3.1. ([2, Theorem 2.1]) If X is a Lindelöf p-space, then any remainder of X is a Lindelöf p-space.
Lemma 3.2. ([3]) Let G be a non-locally compact topological group, if the remainder Y = bG \ G has a point-countable base. Then G
and bG are separable and metrizable.
Theorem 3.1. Let G be a non-locally compact, k-gentle6 paratopological group, if the remainder Y = bG \ G has a point-countable
base. Then G and bG are separable and metrizable.
Proof. G is nowhere locally compact since it is non-locally compact and homogeneous, then Y is dense in bG . We prove




Since Y has a point-countable base, U (a)
Y
is metrizable [11, Theorem 7.6] and compact, U (a)
bG = U (a)Y ⊂ Y . Let U be
an open subset of bG such that U (a) = U ∩ Y . G , Y are dense in bG since G is not locally compact, U ∩ G = ∅, UbG =
U ∩ Y bG = U (a)bG = U (a)Y ⊂ Y . This is a contradiction. Hence, Y is nowhere locally countably compact.
Y is nowhere countably compact. There exists an inﬁnite countable set A = {an: n ∈ N} such that A does not have
cluster point in Y . bG is compact, then A has a cluster point d in G . Fix n ∈ N, by induction, choose {Vk(n): k ∈ N} be a
countable local base at an and open subsets {Uk(n): n ∈ N} of bG such that Vk(n) = Uk(n) ∩ Y , Vk+1(n)bG ⊂ Uk(n). Letting
Wk(n) = Uk(n) ∩ G , it is not diﬃcult to see that {Wk(n): k,n ∈N} is a countable π -base at d (in G). By [1, Proposition 3.6]
(note: a π -base is a topological discernor), G has a Gδ-diagonal. For n,k ∈N, let {bk(n,m): m ∈N} ⊂ Vk(n) be a subset that
is discrete in Y and ck(n) be a cluster point of {bk(n,m): m ∈ N} in bG , ck+1(n) ∈ Wk(n). Let B = {bk(n,m): k,n,m ∈ N},
B1 = BbG ∩G , B2 = BbG ∩Y , B1 is the remainder of B2. B2 is separable and has a point-countable base, hence B2 is separable
and metrizable. By Lemma 3.1, B1 is a Lindelöf p-space, hence B1 is metrizable since a Lindelöf p-space with a Gδ-diagonal
is metrizable [11, Corollary 3.20, 2.8].
Claim. {c · W : c ∈ {c−1k (n): k,n ∈N}, W ∈ {Wk(n): k,n ∈N}} is a countable local base at e.
Let U , V be open neighborhoods of e such that U = V · V . d−1Vd is open neighborhood of e, we ﬁnd an open neigh-
borhood V1 of e such that V1 ⊂ d−1Vd ∩ V , d · V1 is an open neighborhood of d and contains inﬁnitely many Wk(n). d is
a cluster point of the set {ck(n): ck(n) ∈ Wk(n) ⊂ d · V1}. {d} ∪ {ck(n): ck(n) ∈ Wk(n) ⊂ d · V1} ⊂ B1, there is a sequence
{ci: i ∈N} ⊂ {ck(n): ck(n) ∈ Wk(n) ⊂ d · V1} converging to d. Since G is k-gentle, c−1i → d−1 ∈ d−1 · V1, ci ∈ Wki (ni) for some
ki , ni . Then e ∈ c−1i · Wki (ni) ⊂ d−1V1dV1 ⊂ V · V ⊂ U .
G is ﬁrst-countable since G is homogeneous, hence G is a topological group. By Lemma 3.2, G and bG are separable and
metrizable. 
6 Let f : X → Y be a map. The map f is called k-gentle [4] if for each compact subset F of X the image f (F ) is also compact. A paratopological group
is called k-gentle if the inverse map x → x−1 is k-gentle.
1420 C. Liu / Topology and its Applications 159 (2012) 1415–1420Theorem 3.2. Let G be a non-locally compact, semitopological group, if the remainder Y = bG \ G has σ -locally countable base and
is a Σ-space. Then G and bG are separable and metrizable.
Proof. In view of the proof of Case 2 in Theorem 3.1, G has a Gδ-diagonal. By [11, Corollary 7.11], Y is developable, hence
Y is a σ -space.
Case 1. There is y ∈ Y such that U y ⊂ Y is separable for some open neighborhood U y at y.
Let U be an open subset such that U y = U ∩Y . Since G is not locally compact, Y is dense in bG . UbG = U ybG . U ybG ∩Y is
separable in Y , hence it is separable and metrizable [11, Theorem 7.2]. U y
bG ∩ G is a remainder of U ybG ∩ Y , then U ybG ∩ G
is a Lindelöf p-space by Lemma 3.1, hence it is separable and metrizable since G has a Gδ-diagonal [11, Corollary 3.20, 2.8].
G is locally separable and metrizable since U ∩G ⊂ U ybG ∩G and G is homogeneous. Y has a σ -locally countable base, then
Y is of countable type (in fact, every compact subset of Y has a countable base), hence G is Lindelöf, thus G has countable
base B1. Y is Lindelöf since G is of countable type, then Y has a countable base B2. bG has a countable network B1 ∪ B2,
bG is separable and metrizable.
Case 2. Y is nowhere locally separable.
Let P =⋃n∈NPn be a σ -discrete network of Y , and let Fn be the set of all accumulation points of Pn in bG , Fn ⊂ G
is compact. Then
⋃
n∈N Fn is dense in G . Suppose not, let U be an open subset of bG such that U
bG ∩ Fn = ∅ for each
n ∈ N. Put Rn = {P ∩ U : P ∈ Pn, P ∩ U = ∅} for each n. Rn is ﬁnite since UbG ∩ Fn = ∅. ⋃{Rn: n ∈ N} is a countable
network of U ∩ Y , then U ∩ Y is a separable open subset of Y , this is a contradiction. Fn is compact metrizable since G has
a Gδ-diagonal for each n. G is separable, c(G)  ω, then c(bG)  ω, hence c(Y )  ω. By [9, Lemma 8.1(iii)], every locally
countable open collection in Y is countable, Y has a countable base, hence it is separable and metrizable. By Lemma 3.1,
G is a Lindelöf p-space, then G is separable and metrizable [11, Corollary 3.20, 2.8]. In view of the proof in Case 1, bG is
separable and metrizable. 
Corollary 3.1. Let G be a non-locally compact, semitopological group, if the remainder Y = bG \ G is metrizable. Then G and bG are
separable and metrizable.
Remark. Corollary 3.1 improves Arhangel’skii and Choban’s result [5, Theorem 7.3].
Corollary 3.2. Let G be a non-locally compact, paratopological group, if the remainder Y = bG \ G is metrizable. Then G and bG are
separable and metrizable.
Addendum: The answer for Question 2.1 is negative. Quite recently, Li, Mou and Wang [12] obtained a non-metrizable,
separable, Moore paratopological group. Lin and the author [13] also constructed another non-metrizable, separable, Moore
paratopological group.
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